We introduce two new classes of integers. The first class consists of numbers N for which there exists at least one nonnegative integer A, such that the sum of A and the sum of digits of N , added to the reversal of the sum, gives N . The second class consists of numbers N for which there exists at least one nonnegative integer A, such that the sum of A and the sum of the digits of N , multiplied by the reversal of the sum, gives N . All palindromes that either have an even number of digits or an odd number of digits and the middle digit even belong to the first class, and all squares of palindromes with at least two digits belong to the second class. These classes contain and are strictly larger than the classes of b-ARH numbers, respectively b-MRH numbers introduced in Niţicȃ [6] .
we would like to find obstructions to the existence of multipliers and infinite sets of multipliers of fixed multiplicity.
In this paper we change the definitions above. We replace the product between the sum of digits and the multiplier by the sum of the sum of digits and a positive extra term. This gives two new classes of numbers, b-wARH and b-wMRH. These are strictly larger than those above. We believe that the study of these classes will bring some insight into the remaining open questions in [6, 8] . Another motivation for the study of these classes of numbers is the study of numerical palindromes. All palindromes that either have an even number of digits or an odd number of digits and the middle digit even belong to the first class, and all squares of palindromes with al least two digits belong to the second class. The results in [6, 8] also give new examples of b-Niven numbers. These are numbers divisible by the sum of their base b digits. See, for example, [1, 2, 3, 4, 7] ). In particular, any b-MRH number is a b-Niven number. We expect the study here to shine new facets of this notion.
A computer search produced many wARH numbers. There are 77 integers less than 10000 having this property; see the sequence A305131 in the OEIS [9] and Table 1 in this paper. For example, 121212 has extra term 60597. The sum of the digits is 9, one has 9 + 60597 = 60606, and 60606 + 60606 = 121212.
A computer search also produced many wMRH numbers. There are 365 integers less than 10000 having the property; see the sequence A306830 in the OEIS [9] and Table 2 in this paper. For example, 2268 has extra term 18. The sum of the digits is 18, one has 18 + 18 = 36, and 36 × 63 = 2268.
The paper is dedicated to the study of these classes of numbers. As a by-product we also clarify some relationships between the classes of numbers introduced here and in [6] , and the well studied class of b-Niven numbers. The Venn diagrams in Figure 1 , in which the universal set is the set of integers, record some relationships and lead to some open questions. The inclusion of the set of b-ARH numbers into the set of b-wARH numbers is proved in Proposition 7 and the inclusion of the set of b-MRH numbers into the set of b-wMRH numbers is proved in Proposition 17. We believe that each proper subset in the Venn diagrams contains an infinity of integers. Those subsets for which we already know this fact are marked by a full black dot. For the others, the question is open. See Corollary12 for an infinity of b-wARH numbers that are not b-Niven numbers. No large prime number can be either b-Niven or b-wMRH numbers. See the proof of Proposition 27 for an infinity of b-wMRH numbers that are not b-Niven numbers, and consequently neither b-MRH numbers.
Statements of the main results
In what follows let b ≥ 2 be an arbitrary numeration base. We observe that addition and multiplication of integers are independent of the numeration base. The operation of taking the reversal is not.
Let s b (N) denote the sum of the base b digits of an integer N. 
where (A + s b (N)) R is the reversal of base b-representation of A + s b (N). 
where
To simplify the notation, let s(N), wARH, wMRH denote s 10 (N), 10-wARH, 10-wMRH. We observe that the notions of b-wARH and b-wMRH numbers are dependent on the base. In what follows, if x is a string of digits, we let (x) ∧k denote the string obtained by repeating x k-times. We also let [x] b denote the value of the string x in base b.
The following proposition is of independent interest and it is also needed later.
, if N has at least two digits; c) If N has at least three digits, then
The Proof of proposition 5 is done in Section 3 Remark 6. In Proposition 5, c), the condition that N has at least 3 digits is necessary, as shown by N = [13] 11 = 14 10 . Indeed, N 2 = [169] 11 and s 11 (N 2 ) = 16 > 14.
The following proposition gives many examples of b-wARH numbers. Remark 8. We observe that [8, Theorem1] gives for any b ≥ 2 an infinity of b-wARH number that are not palindromes. Proof. If I is a string of base b-digits of length at least 1, consider the following arithmetic progression of palindromes:
Corollary 12. There exists an infinity of b-wARH numbers that are not b-Niven numbers.
and N k is not divisible by b. But N k are palindromes with even number of digits, so they are b-wARH numbers.
We show in [6, Theorem 26 ] the existence of an infinity of integers that are not b-ARH. The following result has a similar proof. 
Proof. Consider the sequence of palindromes
The following proposition gives many examples of b-wMRH numbers.
Proposition 17. a) Let P be a a base b-palindrome with at least two digits and let
Remark 18. We observe that [8, Theorem4] gives for an infinity of numeration bases an infinity of b-wMRH number that are not squares of palindromes. 
be a k 0 digit string such that 2J + 1 = I. Then I is part of the base b-representation of
Corollary 20. 
It is well known that there exists an infinity of numbers that are not b-Niven. As a b-MRH number is b-Niven, this gives an infinity of numbers that are not b-MRH numbers.
Proposition 21. There exists an infinity of numbers that are not b-wMRH numbers.
Proof. No prime number is b-wMRH number.
Remark 22. The condition in Proposition 17 that P has at least 2 digits is necessary. Some squares of one digit numbers are b-wMRH number, for example 81, and some are not, for example 25. 
Proof. Consider the sequence
Combining Proposition 7, c) and [6, Theorems 13,15 ] one has the following result.
Theorem 24. a) Consider the numbers
where 
where b is even and We show in Section 13 that 2 is not a multiplicative extra term for base 10. We do not know how to answer the following questions for any base. In what follows let ⌊x⌋ denote the integer part, let ln x denote the natural logarithm and let log b x denote base b logarithm of the positive real number x.
The following theorems give bounds for the number of digits in a b-wARH number with fixed extra term. Due to independent interest and in order to simplify the statements of other results we consider first the case when the extra term is A = 0.
Theorem 36. Let N be a b-wARH number with k digits and additive exta term
Remark 37. We leave as open the problem of finding all b-wMRH numbers with extra term A = 0. We only observe that if b = 10 a wMRH number with A = 0 is also an MRH number with multiplier M = 1. It is shown in [6] that all such numbers are 1, 81, 1458 and 1729.
Theorem 38. Let N be a b-wARH number with k digits and additive exta term A. Then 
The following theorems give bounds for the number of digits in a b-wMRH number with fixed extra term. Under any of the following assumptions:
one has k ≤ 3⌊log b A⌋.
We summarize the rest of the paper. Proposition 5 is proved in Section 3, Proposition 7 is proved in Section 4, Proposition 14 is proved in Section 5, Proposition 17 is proved in Section 6, Proposition 27 is proved in Section 7, Proposition 36 is proved in Section 8, Theorem 38 is proved in Section 9, Theorem 40 is proved in Section 10, Theorem 41 is proved in Section 11, and Theorem 43 is proved in Section 12. In Section 13 we show examples of wARH numbers and ask additional questions and in Section 14 we show examples of wMRH numbers and ask additional questions.
Proof of Proposition 5
Proof. a), b) Clearly b) implies a), so it is enough to prove b). Assume N has n ≥ 2 digits. Then N ≥ b n−1 and s b (N) ≤ n(b − 1). To finish the proof, we show by induction on n ≥ 2 that
Inequality (8) is true if n = 2. Assume now that it is true for n and prove it for n + 1. Induction hypothesis gives that:
We still need to show that:
After some cancellation, equation (10) 
So
. To finish the proof it is enough to show that
Equation (12) is true for n = 3 and b ≥ 2. We assume n ≥ 4 fixed and prove (12) by induction on b ≥ 3. The induction hypothesis, b ≥ 3, and the binomial expansion of (1 + b) n , imply that for all b ≥ 3 one has that:
which finishes the proof of (12) if b ≥ 2. If b = 2 Inequality (12) becomes 2n − 1 ≤ 2 n − 1, true for n ≥ 4. There are only 4 integers with b = 2, n = 3, and for them inequality (3) can be checked numerically.
Proof of Proposition 7
Proof. a) Assume first that N = [a 1 a 2 . . . a n a n . . .
Now assume that N = [a 1 a 2 . . . a n a n+1 a n . . . 
2 a n a n−1 . . . 
Proof of Proposition 14
Proof. It is known that a base b number is divisible by b − 1 only if and only if the sum of its digits is divisible by b − 1. Consider the palindromes
It follows from Proposition 7, a), that the numbers
It follows from Proposition 7, a), that the numbers N k are 3−wARH numbers. As s 3 (N k ) = 6 and N k are divisible by 2, but not by 4, it follows that N k are not 3 − MRH numbers.
Proof of Proposition 17
Proof. a) Let P be a base b palindrome and let N = P 2 . Assume that P has at least three digits. It follows from Proposition 5 c), that s b (N) ≤ P . Let A = P − s b (N). Then N is a b-wMRH number with extra term A. Assume now that P has two digits. Then P = [aa] b for 1 ≤ a ≤ b − 1. We will show that formula (3) is still valid. Then the argument above can be applied again. We distinguish three cases.
If a = 1 and b ≥ 3 one has that:
If a = 1 and b = 2 then the condition 2a
If a = 1, the condition b ≤ 2a 2 implies that b = 2. In this case P = [11] 2 and
If a = 2, b ∈ {6, 7, 8}. So P = [22] 6 , P = [22] 7 or P = [22] 8 . These cases can be checked numerically.
If a = 1 then b = 2 and P = [11] 2 . If a = 2 then 5 < b < 8 and the only new possibility is [22] 5 which can can be checked numerically.
Case 3. a 2 ≥ b Note that each "carry over" in the computation of P 2 reduces s b (P 2 ) by b and also increases it by 1. We have at least 4 carry overs, so the largest value for s b (P 2 ) is 4a 2 − 4b + 4. The inequality s b (P 2 ) ≤ P becomes
If b ≥ 3, the quadratic function in (13) has the vertex at a = 
Proof of Proposition 27
Proof. It follows from Proposition 17 that it is enough to find an infinity of squares of palindromes that are not b-Niven numbers.
If
and N k is not divisible by 2 because it is odd. If b is even, and b = 2, then consider
and N k is not divisible by 2 because it is odd.
If b is odd and b congruent to 0 or 2 modulo 3, consider the numbers
Then s b (N k ) = 9 and N k is not divisible by 3 because [1(0) ∧k 1(0) ∧k 1] b is not divisible by 3. For the case, b ≥ 11 congruent to 1 modulo 3, consider the numbers 
Proof of Theorem 38
The case A = 0 is covered by Theorem 36. Assume that N is a b-wARH number with k ≥ 2 digits and additive extra term A ≥ 1. One has that:
We show by induction on k that:
As (14) and (15) are contradictory, this finishes the proof of the theorem. For k = A + 5, (15) gives that:
which we prove by induction on A. If A = 1, (16) gives that (b + 1) (6(b − 1) + 1) < b 5 , which is true for b ≥ 2.
We show the induction step in (16). From the induction hypothesis one has that:
One still needs to show that
The last inequality follows from b(A + 5) ≥ A + 6 and bA ≥ A + 1.
We show the induction step in (15). From the induction hypothesis one has that:
Last inequality is equivalent to
which follows due to bk ≥ k + 1 and b ≥ 1.
Proof of Theorem 40
Proof. Assume that N is a b-wARH number with k ≥ 2 digits and additive extra term A ≥ 1. One has (14). We show by induction on k that
which is in contradiction to (14) and finishes the proof of the theorem. In order to prove (17) for k = 2⌊log b A⌋ it is enough to show that One still needs to check that:
3 . It remauns to show the induction step in (17). From induction hypothesis follows that
One still needs to show
Last equation is equivalent to (b−1) 2 k+(b−1)A ≥ b−1, which is clearly true for A ≥ 1, b ≥ 2.
Proof of Theorem 41
Proof. Assume that N is a b-wMRH number with k ≥ 2 digits and additive extra term A ≥ 1. One has that:
In order to prove the theorem for b ≥ 6, one shows by induction on k that:
If k = A + 5 (20) becomes
We prove (21) by induction on A ≥ 1.
, which is true for b ≥ 6. We show the induction step in (21). It follows from the induction hypothesis that
One still needs to check that
Last equation is equivalent to
which is clearly true if b ≥ 6. We show the induction step in (20). It follows from the induction hypothesis that
Last equation is equivalent to
which is clearly true if b ≥ 6. Assume now 2 ≤ b ≤ 5. One shows by induction on k that:
This finishes the proof of the theorem if 2 ≤ b ≤ 5. If k = A + 6 then (22) becomes the following equation which is proved by induction on
Proof of Theorem 43
Proof. Assume that N is a b-wMRH number with k ≥ 2 digits and additive extra term A ≥ 1. One has (19). In order to finish the proof of the theorem in the case b ≥ 3 one shows by induction on k that
To prove (24) for k = 3⌊log b A⌋ + 1 it is enough to show by induction on A that:
, which is true for b ≥ 3. We show the induction step in (25). It follows from the induction hypothesis that
The last inequality follows due to the following inequalities which are true for A ≥ b 2 , b ≥ 3:
We show the induction step in (24). It follows from the induction hypothesis that
Last inequality follows from the following inequalities which are obvious for b ≥ 2:
If b = 2 one shows by induction on k that:
which is contradictory to (19) and ends the proof of the theorem. In order to prove (26) for k = 3⌊log 2 A⌋, it is enough to show by induction on A that:
If A = 4, (27) becomes 2 5 ≥ 12, which is true. We show the induction step in (27). It follows from the induction hypothesis that:
The last inequality is true for A ≥ 4 due to A A ≥ A + 1.
Examples of wARH numbers
We list in Table 1 small wARH numbers N and one of their extra terms A. We did not find any number that is not an additive extra term. This suggests that the answer to Question 34 is negative. We conjecture that all integers are additive extra terms. We observe from Table 1 that certain extra terms, for example 2, have associated several wARH numbers, respectively 210, 55. The last observation motivates the following definition and questions.
Definition 44. If A is an additive extra term in a base b, let the multiplicity of A be the cardinality of the corresponding set of bw-ARH numbers.
Question 45. If we fix the multiplicity and the base, is the set of additive extra terms infinite?
Question 46. If we fix the base, is the multiplicity of additive rxtra terms bounded?
Examples of wMRH numbers
We list in Table 2 small wMRH numbers N and all their extra terms A. Theorem 41 shows that a wMRH number with multiplier 2 has at most 7 digits. A computer search through all integers with at most 7 digits shows that 2 is not a multiplicative extra term. This motivates Question 35. We observe from Table 2 
Conclusion
In this paper we introduce two new classes of integers. The first class consists of all numbers N for which there exists at least one nonnegative integer A, such that the sum of A and the sum of digits of N, added to the reversal of the sum, gives N. The second class consists of all numbers N for which there exists at least one nonnegative integer A, such that the sum of A and the sum of the digits of N, multiplied by the reversal of the sum, gives N. All palindromes that either have an even number of digits or an odd number of digits and the middle digit even belong to the first class, and all squares of palindromes with at least two digits belong to the second class. These classes contain and are strictly larger than the classes of b-ARH numbers, respectively b-MRH numbers introduced in Niţicȃ [6] . We show many examples of such numbers and ask several questions that may lead to future research. In particular, we try to clarify some of the relationships between these classes of numbers and the well studied class of b-Niven numbers. Most of our results are true in a general numeration base.
